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Abstract
This paper classifies the splints of the root system of classical Lie superal-
gebras as a superalgebraic conversion of the splints of classical root systems.
It can be used to derive branching rules, which have potential physical appli-
cation in theoretical physics.
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1 Introduction
The determination of osp(1|32) as the maximal superalgebra of AdS4 × S
7 is to
compute any supergravity background asymptotic to it. Since the asymptotic lim-
its of Killing spinors of a supersymmetric supergravity background are based on a
subspace of the Killing spinors of AdS4×S
7. [8] The identification of this subspace
algebraically gives subsuperalgebra of osp(1|32). This is one of technique to get
maximal superalgebra of supergravtiy background. Similar results can be obtained
with splints. Application of splints properties in simple Lie algebras drastically sim-
plifies the calculations of branching coefficients. Recently affine extension of splints
root system of affine Lie algebra and the relationship between theta and branching
functions are obtained by Lyakhosovsky [6]. The main results are concerned about
some particular branching rule with respect to a even part of the Lie superalgebra
in which the irreducible modules appearing in the branching are the weights of a
representation of an even part of the Lie superalgebras. Splints is an important
tools because less is known in the case of branching rules of Lie superalgebras.
In [7] David A Ritcher first defines the term splint. The same author in [7]
classified the splints of the root systems of Lie algebras. One of the ingredients of
the term splint is the idea of a root system embedding. The structure of a root
systems is characterised by the additive properties of its corresponding system of
positive roots. A splints of a root system of ∆ is a partition ∆1 ∪ ∆2 into two
subsets, each of which have the additive , but not necessarily metrical, properties
of root system. The aim in this study is to classify all splints of root system for
classical Lie superalgebras.
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2 Characters and supercharacters
Consider V(Λ) a highest weight representation of h with highest weight Λ, then
V(Λ) = ⊕Vλ
λ
where Vλ = {
−→v ∈ V|h(−→v ) = λ(h)−→v , h ∈ h}
Let eλ be the formal exponential, function on h∗ (dual of h ) such that eλ(µ) =
δλ,µ where δ is Kronecker delta symbol, for two elements λ, µ ∈ h
∗, which satisfies
eλeµ = eλ+µ. Then the character and supercharacter of V(Λ) are defined by
ch V(Λ)=
∑
λ
(dimVλ)e
λ
sch V(Λ)=
∑
λ
(−1)degλ(dimVλ)e
λ
We will reproduce the theorem of denominator identity [1] which is our basic ingre-
dients in solving the splints of Lie superalgebras.
Theorem 2.1. Let g = g0 ⊕ g1 be a basic classical type Lie superalgebra having
defect d = min{m,n}, where g = A(d − 1, d − 1) is replaced by gl(d, d). Let △ be
any set of positive roots. For any simple root system S ∈ S(△), where S(△) is the
collection of maximal isotropic subsets of △+ and we have
C · eρR =
∑
w∈Wg
sgn(w)w
(
eρ∏
γ∈S(1 + sgn(γ)e
−JγK)
)
,
C · eρRˇ =
∑
w∈Wg
sgn′(w)w
(
eρ∏
γ∈S(1− e
−JγK)
)
,
where
C =
Cg∏
γ∈S
ht(γ)+1
2
,
and Cg = |Wg/W
♯|.
If def(g) = 1, and S ∈ S(△), then S consists of a single simple root. Hence in
this case C = Cg holds. Therefore we have to deal only with Lie superalgebras of
type gl(m,n), B(m,n), D(m,n) with defect d. The explicit values of Cg are the
following.
Cg =


d! if g = A(m− 1, n− 1),
2dd! if g = B(m,n),
2dd! if g = D(m,n), m > n,
2d−1d! if g = D(m,n), n ≥ m,
1 if g = C(n),
2 if g = D(2, 1, a), F (4), G(3).
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The above defect for different superalgebras quite essential for construction of
splints.
The present section gives the motivation to construct the splints from the char-
acter formula which is a ingredient combination of even and odd part. Let Lµ be
the integrable module of g with the highest weight µ. Let Lνa be the integrable a
module with the highest weight ν. Then
Lµg↓a = (−1)
deg ν ⊕
ν∈P+a
b(µ)ν L
ν
a
where P+a is the dominant weight lattice.
ch(Lµ) =
ψ(µ)
ψ(0)
=
ψ(µ)
R
=
∑
w∈W ǫ(w)e
w◦(µ+ρ)−ρ∏
α∈△+(1− e
−α)
ch(Lνa) =
ψ
(ν)
a
ψ
(0)
a
=
ψ(µ)
Ra
=
∑
w∈W ǫ(w)e
w◦(µ+ρa)−ρa∏
α∈△+a
(1− e−α)
ch(L(µ)) =
∑
ν∈P+a
b(µ)ν ch(L
ν
a)
∏
α∈△+
1
(1− e−α)mult(α)
∏
β∈△+
2
(1− eφ◦β)mult(β) =
∏
γ∈△+
1
(1− e−γ)mult(γ)
△ = △1 ∪△2
Aρ =
∏
α ∈ △+
(eα/2 − e−α/2)
Aρ = A1A2
The above character formula shows, how the character formula decomposition
similar to splints of the root systems.
3 Splints of Simple root system of Classical Lie
superalgebras
Definition 3.1. Embedding ι of a root system △ is a bijective map of roots of △0
to a (proper) subset of △, that commutes with vector composition law in △0 and
△.
ι(γ) = ι(α) + ι(β) for all α,β,γ ∈ △0
such that γ = α + β. ι(γ) 6= ι(α) + ι(β) if α ∈ △1 and β ∈ △0
Definition 3.2. A root system of Lie superalgebra ∆ “splinters” as (∆1,∆2) if
there are two embeddings ι1 : ∆1 →֒ ∆ and ι2 : ∆2 →֒ ∆ where
1. ∆ is the disjoint union of the images of ι1 and ι2 and
2. neither the rank of ∆1 nor the rank of ∆2 equal to or greater than the rank
of ∆.
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It is equivalent to say that (∆1,∆2) is a splint of ∆. Each component ∆1 and
∆2 is a stem of the splint (∆1,∆2).
Case-1 : A(m,n)
Simple root system {△0 = {ei− ej ; 1 ≤ i 6= j ≤ m+1,δi− δj ; 1 ≤ i 6= j ≤ n+1,
△1 = {ei − δj ; 1 ≤ i ≤ m+ 1; 1 ≤ j ≤ n+ 1}
Define
△(Am) = {ei − ej)1 ≤ i 6= j ≤ m+ 1
△(An) = {δi − δj)1 ≤ i 6= j ≤ n + 1
and
△special = {ei − δj}1 ≤ i ≤ m+ 1; 1 ≤ j ≤ n + 1
Using the splints of Am and An from [7] we get the following splints.
(i) The first splint of A(m,n) ; ((mA1, An−1) + (nA1, An−1),△
special)
(rA(1, 1), A(n− 1, n− 1))
(ii) The second splint is (A1+Am−1, (m−1)A1)+(A1+An−1, (n−1)A1),△
special)
(A(1, 1) + A(m− 1, n− 1), (n− 1)A(1, 1))
Using the defect d in the splints
(iii) The third splint is ((A(k, i), A(l, j)) where k + l = m, i+ j = n . The simple
component of this splint is a maximal regular subsuperalgebra.
We can also define the natural splint by a bosonic and fermionic pairs of root
systems by notation as (△1 = △
bosonic,△2 = △
ferminoic)
Proposition 3.1. The splints of root systems of A(m,n) is equivalent to splints of
the even root systems.
Proof. The above splints proved the statement.
Case 2 : B(m,n), m > 0 or osp(2m+ 1, 2n)
Simple root system
{δ1 − δ2, δ2 − δ3, · · · , δn − e1, e1 − e2, · · · , em−1 − em, em}
△(Bm) = {ei ± ej , ei} = (Dm, mA1)△(B4) = {ei ± ej , ei} = (D4, 4A1)
The only splints ofDm is for the value ofm = 4, the available splint is (2A2, 2A2).
△(Cn) = {δk ± δl, 2δk} = (nA1, Dn),△
special = {δj − ei}
The splint of the first superalgebra B(m,n) is (4A(2, 2), 4A(1, 1))
(i) The first splint of B(m,n) is ((Bm, mA1) + (nA1, Dn),△
special)
(ii) The second splint for higher values of m and n is (B(k, i) +D(i, j),△special)
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Example 3.1. Splints of B(4, 4)
△ = {e1 ± e2, e1 ± e3, e2 ± e3, δ1 ± δ2, 2δ1, 2δ2, e1, e2, e3}
△1 = {e1 ± e2, e1 ± e3, e2 ± e3, e1, e2, e3}
△2 = {δ1 ± δ2, 2δ1, 2δ2}
We get the splint (4A(2, 2), 4A(1, 1))
Case 3 : B(0, n)]
simple root system
{δ1 − δ2, δ2 − δ3, · · · , δm−1 − δm, δ}
∆1 = {±δi ± δj ;±2δi} ,
∆2 = {±δi}
Case 4 : C(n+ 1)
simple root system
{e− δ1, δ1 − δ2, · · · , δn−1 − δn, 2δn}
so
∆1 = {δ1 − δ2, δ2 − δ3, · · · , δm−1 − δm, δ}
and
∆2 = {e− δ}
∆1 = {±δ1 ± δj ;±2δi} ,
∆2 = {±e± δi}
The possible splint will be (B(0, n), C(1))
Case 5 : D(m,n)
Simple root system {δ1 − δ2, δ2 − δ3, · · · , δn−1 − δn, δn − e1, e1 − e2, · · · , em−2 −
em−1, em−1 − em, em−1 + em}
∆1 = {±ei ± ej ;±δi ± δj ;±2δi}
(i 6= j) ,∆2 = {±δi}
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△(Dm) = {ei ± ej}
△(Cn) = {δk ± δj, 2δi}
There is only one value of m ≥ 4 for which Dm splints is 4. The splints is given by
We get the splint ((4A(2, 2), 4A(1, 1)))
Proposition 3.2. The splints of the root systems of Lie superalgebras is the splin-
tering of root system of even parts.
Proof. The splints of the case-1 to case-5 Lie superalgebras proved the proposition.
4 Conclusion and Discussion
Splints give a light in finding the maximal regular subsuperalgebra in a faster way.
The splints make relations from Lie superalgebras to Lie algebras and is similar
to the bosonic parts of Lie superalgebras. Geomtery of Schubert varieties and
smoothness of Schubert varieties via patterns in root subsystems of Lie superalgebra
can be studied from splints of Lie superalgebras. One can also obtained splints of
roots system of infinite dimensional Lie algebras by modifing the roots to inifinite
versions. The work is going on to make a better methods to classify the splints in
future publications.
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